Abstract. The local existence of solutions for the compressible Navier-Stokes equations with the Dirichlet boundary conditions in the L p -framework is proved. Next an almost-global-in-time existence of small solutions is shown. The considerations are made in Lagrangian coordinates. The result is sharp in the L p -approach, because the velocity belongs to W 2,1 r with r > 3.
Introduction.
In this paper we consider the motion of viscous compressible fluids in a bounded domain Ω ⊂ R 3 described by the Navier-Stokes equations (1.1)
where Ω
T = Ω ×[0, T ], S = ∂Ω, S T = S ×[0, T ], v(x, t)
is the velocity of the fluid, (x, t) the density, p = p( ) the pressure, f (x, t) the external force, µ and ν the constant viscosity coefficients which satisfy the thermodynamic restrictions Solving (1.3) we obtain (1.4)
which is the relation between the Eulerian x and Lagrangian ξ coordinates and u(ξ, t) = v(x(ξ, t), t). Here we need to add an extra condition v · n| S T = 0 (n is the normal vector to S) which ensures that this transformation preserves the domain ({x → ξ} : Ω → Ω).
In Lagrangian coordinates, (1.1) reads
u , div u = ∇ u · and the summation convention over repeated indices is used.
The first result of the paper is the following.
Then there exists T 0 > 0 such that for T ≤ T 0 there exists a unique solution of (1.5) 
) and
The next result concerns the time continuity of solutions which are close to equilibrium states
for each x ∈ Ω, f = ∇ϕ and * , * are given constants.
Dirichlet problem 229
From (1.1) with α = 0, f = ∇ϕ and (1.8) we obtain the following system for perturbations in Eulerian coordinates:
and γ is defined by the relation
System (1.9) in Lagrangian coordinates reads (1.10)
and η(ξ, t) = (x(ξ, t)). We prove the almost-global-in-time existence of solutions to (1.10).
To prove these results we need solvability of the following linear problem in the L r -framework:
For system (1.11) we have proved the following result (see [3] ).
The global existence of small regular solutions for problem (1.9) has been shown in [2, 5] for the case when the norms of ϕ (f = ∇ϕ) are sufficiently small. These results base on energy estimates. In our paper we show existence and almost-global-in-time existence of regular solutions in the L p -framework. The theorems enable us to prove in [4] the global existence of small solutions to problem (1.9) with "large" ϕ. Moreover this result is sharp in the L p -framework. 
where
For m and n integers, the corresponding terms with differences vanish.
We define the space V (Ω T ) as the closure
. In the proof we will use the following results.
Proof. We have r > 3, 0 < α < 1 − 3/r and the following imbeddings:
From these two relations we conclude
where 0 < α < 1 − 1/r. Thus we obtain f ∈ C α (Ω T ). In our considerations we will treat all imbedding theorems for Sobolev spaces as well known results. All constants are denoted by c. 
From Theorem 1.3 we get a solution of (3.2) with the estimate
is uniformly bounded on Ω T for some T > 0. By induction we show that
). For fixed 4M we can define T so small that the Jacobian of the transformation (1.4) (with u m ) is bounded. System (3.1) is examined in the form
By Proposition 2.2 we see that
, thus we can apply Theorem 1.3 with T = 1, C * = a and C * = 2b, to get
To obtain (3.5) we have used the following estimates: . To finish estimating the above term we note
). 
which gives
and the same for K 4 :
. Then by (3.5) , and the estimates on K and L, we obtain 
